In this paper, we derive Lorentz force and Maxwell's equations on kappa-Minkowski space-time up to the first order in the deformation parameter. This is done by elevating the principle of minimal coupling to non-commutative space-time. We also show the equivalence of minimal coupling prescription and Feynman's approach. It is shown that the motion in kappa space-time can be interpreted as motion in a background gravitational field, which is induced by this non-commutativity. In the static limit, the effect of kappa deformation is to scale the electric charge. We also show that the laws of electrodynamics depend on the mass of the charged particle, in kappa space-time.
Introduction
Quantum gravity effects are expected to lead to space-time uncertainties [1] at Planck scale. Non-commutative geometry provides a natural way to incorporate this microscopic structure of space-time. κ-deformed space-time [2, 3] is a prototype of the Lie algebraic type noncommutative spacetime, fuzzy sphere being the well known example of this family [4, 5] . The κ-deformed space-time is known to emerge naturally in the low energy limit of certain quantum gravity models. It is also the space-time associated with doubly special relativity [6, 7, 8] . In recent years, algebraic structure and symmetries of κ-space-time have been investigated in detail [9, 10, 11] .
Generically field theory models on non-commutative space-time do have highly non-local and non-linear interactions, and are characterized by an interdependence of high and low energy behaviour, known as UV/IR mixing, which had been studied in detail in field theory models on Moyal spacetime as well as on κ spacetime [12] . In non-commutative space-times, Lorentz symmetry, in the usual sense is broken, but it is shown that this symmetry can be retained by a Hopf algebra approach [13] . Thus, the conventional notions of field quanta can be generalized to non-commutative field theories. Following these developments, field theory models on κ-deformed space-time have been constructed and studied [14, 15] . Investigations, trying to obtain bounds on κ deformation parameter using experimental and observational results are being carried out in last couple of years [16, 17, 18, 19] .
Construction and study of U (1) gauge theory on κ-space-time using star product approach was taken up in [20] . Using Feynman's approach, Maxwell's equations on κ-space-time was obtained in [21] .
In Feynman's approach, starting with Newton's equation of motion and assumed (quantum) commutators between coordinates and velocities, one derives the homogeneous Maxwell's equations by the repeated application of Jacobi identities [22] . This method has been generalized to relativistic case in [23] . It has also been shown that the quantum mechanical particle consistently interact with scalar, gauge, and gravitational fields only. In the commutative space-time, it is known that the results obtained by Feynman's approach and minimal prescription are equivalent [22, 24] . Feynman's approach has been generalized to obtain inhomogeneous Maxwell's equation in [25] and various other aspects of this method has been studied in [26] . In recent times, this method has been used to obtain Maxwell's equation in Moyal space time also [27] . In [24] , it was shown that by assuming the minimal coupling of gauge field and the ensuing relation between kinetic and conjugate momenta, one can derive Lorentz force equation and Maxwell's equations. In this way, one can work with Poisson brackets rather than (quantum) commutators in the Feynman's approach. Thus, this approach of [24] allows to take a classical limit of the obtained equations, in a proper fashion.
In this paper, we generalize a variant of Feynman's approach [24] to κ-spacetime and derive the deformed Maxwell's equations and force equation valid up to 1st order in deformation parameter. In our approach, we do power series expansion of the non-commutative coordinates, momenta, as well as functions of non-commutative coordinates and momenta in terms of commutative coordinates, momenta and deformation parameter (keeping terms up to the 1st order in deformation parameter). We also exploit the generalization of minimal coupling prescription to κ-space-time in our calculations. This paper is organized as follows. In the next section, we briefly recall the Feynman's approach using minimal prescription [24] . Here we show, how the force equation as well as all the Maxwell's equations can be derived. Our main results are presented in section 3. In subsection 3.1, we discuss the derivation of force equation on κ space-time for a electrically neutral particle. The force equation we obtain here is valid up to first order in the deformation parameter a. In subsection 3.2, we derive the Lorentz force equation and in subsection 3.3, Maxwell's equation for a charged particle in κ-space-time is obtained. Here also, all equations derived are valid up to first order in the deformation parameter a. In subsection 3.4, we discuss the natural realization of the coordinates of κ-space-time and obtain the Maxwell's equation in this realization. Finally we conclude with discussion in section 4.
We work with η µν = (+, −, −, −).
Minimal Coupling and Feynman's approach to Electrodynamics
We start with the same basic assumptions as those in Feynman's approach [22, 23, 24] . The coordinates of a relativistic particle in 4-D Minkowski spacetime is described by x µ (τ ), (µ = 0, 1, 2, 3), where τ is a parameter, and they satisfy the following commutation relations
We introduce kinetic momentum π µ = mẋ µ , so that we have
and we can write π µ (τ ) explicitly as
where eA µ (x) is, for now, arbitrary function of x, and p µ (τ ) is canonical momentum satisfying
This is the principal of minimal coupling [24] . It is obvious that with F µ = dπµ dτ , and taking the derivative with respect to τ of Eqn.(3) one gets the following relations
where
Because of (5) we have useful identities
Here (and from now on) we take the ordering prescription where x is put always on the left, and p on the right. Force F µ (x,ẋ) can be understood as a function of x and p, that is F µ (x, p), and this is important because we only know how to integrate over commuting variables. So, using (7) we can now integrate (6) over p µ and get
where G ν (x) is a function of x and we have use the prescription that p goes to the right (for constructing hermitian operators we can symmetrize xp → 1 2 (xp + px) ). Now, using the definition of kinetic momentum π µ = mẋ µ , relation (4), and defining
ν we get the Lorentz force
In the minimal coupling approach all the Jacobi identities are satisfied by construction, i.e.,
The first two Eqn. in (10) are trivially satisfied, the third is in Feynman's approach equal to the statement that F µν is a function of x and the fourth yields homogeneous Maxwell Eqn.
If we take (9) as a definition of G µ (x) it is straight forward to see
which means that G µ = ∂ µ φ(x). We can conclude that minimal coupling and Feynman's approach are in complete correspondence. From the definition of the commutator we can show that
and by defining
we get
Thus we see that j µ (x) is the conserved current, and by definition Eqn. (14) gives the inhomogeneous Maxwell's equations.
Now we have the complete set of Maxwell equations which are covariant and we recognize A µ (x) as a gauge field, and e as an electric charge of a particle.
3 κ-deformed Electrodynamics
Minimal coupling approach seems natural for exploring non-commutative spaces, all it takes is to substitute x µ →x µ , where [x µ ,x ν ] = 0. We will consider a class of non-commuting spaces, the so called κ-Minkowski space-time, which are defined by
where a µ is the deformation parameter andx µ is a non-commuting coordinate operator. In the case when a → 0, we have [x µ ,x ν ] → 0, that isx µ → x µ , so we take a perturbative approach to find the realization ofx µ in terms of operators x µ and p µ from the commutating space, up to the first order in the deformation parameter a µ . So we writex
where δx µ (a) can be constructed from x µ , p µ and a µ as
Taking into account that (17) must be satisfied up to the first order in deformation parameter a µ we get the constraint on the real parameters α, β, and
Now we have to construct the non-commutative momentum operatorp, but we are missing the relation [p µ ,x ν ] =?, all we know that in the zeroth order in a µ Eqn. (5) holds. First let us consider the e = 0 case and postulatė x µ (e = 0) ≡ 1 mp µ , then taking the derivative of (17) with respect to τ gives
which only fixes the antisymmetric part of [p µ ,x ν ]. We can takep µ to bê
and demand that (21) and Jacobi identities betweenp µ ,x ν andx ρ must be satisfied up to the first order in a and get the explicit form of δp µ (a). This construction is equivalent to just taking the form of δx µ (a) given in (19) and substitute x with p (which is also equivalent withṗ µ = 0) and then we get
Now we have
Using (23) we have
We are considering e = 0 case, so there is no difference between canonical and kinetic momentum. Analogous to commutative space we have the Newton-like equationF
Taking the derivative with respect to τ of Eqn. (25) we get
where we used (24) , and the fact that all equations from Section 2. hold up to the zeroth order in a. We want to findĜ µ , but we can not simply integrate (27) . The forceĜ µ can be written aŝ
and combining (27) and (28) we can get an equation for δĜ µ (a)
which can be easily integrated over p ν . Before writingĜ µ explicitly, it is convenient to find an operator that commutes withx µ . We find an operatorŷ µ so that
and define f (ŷ) as
Finally we can write the operator for the force in the non-commutating space when e = 0 aŝ
that iŝ
From the above, we see that a neutral particle with mass m, moving in a κ-deformed Minkowski space-time can be interpreted as moving in an 'electromagnetic'-like background that couples proportionally to the deformation parameter a µ , because these corrections are linear inẋ.
e = 0 case and corrections to the Lorentz force
In Section 2 we have shown that the minimal coupling principle leads to well known Lorentz force, so we want to generalize the minimal coupling principle in a consistent way. If we postulateπ µ = mẋ µ and the most simplest way to introduce gauge field A µ , asπ µ =p µ − eA µ (x orŷ), then from the Jacobi identities and
we get very restrictive conditions on A µ . It is better to understand minimal coupling principle as a way to introduce connection between canonical and kinetic momentum through a gauge field in a way that the commutation relations [π µ ,x ν ] and [p µ ,x ν ] are the same by form, which is also true in the commutating case. In correspondence with (25) we write
We also writeπ µ asπ µ = π µ + δπ µ (a) and from (36) we get explicitlŷ
Taking the derivative with respect to τ of (36) and usingF µ = dπµ dτ , we get
Writing the force asF µ = F µ + δF µ (a), we can get a equation for δF µ (a) as
(39) where F µ is the force from the commutative space and
R.H.S. of equation (39) can be explicitly calculated and the L.H.S is
[δF µ (a),
so we can integrate (39) over p ν . After tedious calculation and expressing everything in terms ofẋ µ we get
whereĜ µ =F µ (e = 0) is defined in (33), F µν (ŷ) is defined like (31) , that is
and the remaining two terms arẽ
Terms proportional toẋ can be interpreted as a correction to the Lorentz force due to the background electromagnetic field, and those proportional toẋ 2 as quasi-gravitational effects caused by the background curvature induced by the non-commutativity of space-time. Both effects are proportional to ea µ .
κ-deformed Maxwell equations
In our approach all the Jacobi identities usingπ,p andx are satisfied by construction up to the first order in the deformation parameter a. Formally the Jacobi identity
leads to
is given in (40), so we see thatF µν is expressed in terms of operators from the commutative space. This is the κ-deformed analogue of the homogeneous Maxwell equation. The R.H.S of (46) can be explicitly calculated in terms of commutative variables and fields E and B, that satisfy the usual Maxwell
we have
so thatĵ is a conserved current and we formally have
This is the κ-deformed analogue of the inhomogeneous Maxwell equation. R.H.S in (51) can also be explicitly calculated. Now we study the κ-deformed space-time where a µ = (a 0 , 0), that is a 0 ≡ a = κ −1 and a i = 0. We definê
Note thatF µν ,Ê i andB i are functions of commutative operators x and p (see (40)) . Now we can rewrite the R.H.S of (46) and (51) in terms of commutative electric and magnetic field and get
These equations represent the κ-deformed set of Maxwell equations. The oper-
× and E × are given as follows
Natural realization
We see that all the corrections to commutative electrodynamics depend on the realization of operatorx μ
that is on the parameters α, β and γ. We are going to investigate the so called natural realization [28] . The most easiest way to get the natural realization is to demand that (58) is hermitian, that isx † =x and put γ = 0, then we get α = −1, and β = 1, and for operatorx in natural realization we havê
The parameter s becomes s nat = −1. For the complex operators given in (57) in natural realization we get
And for the κ-deformed Maxwell equations in the natural realization we finally have
For the the force operator we havê
Note (see Eqn.62) that the force depends not only on the charge of the particle, but on its mass also. This mass depends vanishes in the limit of a → 0.
Conclusion
In this paper, we have constructed force equation and Maxwell's equation on κ-deformed space-time. For this construction, we have generalized a variation of Feynman's approach [24] to κ-deformed non-commutative space-time. This approach also starts with the same assumptions as in Feynman's approach [22, 23] , and used the notion of canonical conjugate momenta and their commutators (or Poisson brackets) with coordinates. Then as in the Feynman's approach, by repeated use of Jacobi identity, force equation and Maxwell's equations are derived. The main differences in this approach are the use of minimal coupling prescription for the gauge field, and the existence of a classical limit. This approach [24, 22, 23] allows us to take the classical limit which is obtained by
We have obtained the κ-dependent modification to the Newtons force equation in subsection. 3.1. Then, we introduce the gauge field in subsection 3.2, and derive the Lorentz force equation as well as Maxwell's equations, in the κ-spacetime. The additional contributions due to κ-deformation of space-time to the force equation that are linear inẋ can be interpreted as due to a background electromagnetic field and those proportional toẋ 2 as a induced curvature of space-time. This is in similar spirit as the induced gravity in Moyal space-time considered in [29] . Here, these corrections are obtained up to first order in the deformation parameter. This change in the Lorentz force equation will affect the trajectories of charged particles in external electromagnetic fields. This can lead to possible, observable effects in the beams of high energy accelerators. It is clear that this effects would violate Lorentz symmetry and modify the dispersion relations. This aspects are in detail investigated in [17] . The κ-dependent corrections to force equation and Maxwell's equations changes with the choice of realization of non-commutative coordinates we use. We have investigated this modification for natural realization [28] in subsection. 3.4. This realization is hermitian and has the property that the corresponding momentum transforms as a 4-vector under Lorentz algebra.
The κ-deformed Maxwell equations obtained here are complicated, even in the natural realization. With further simplifying assumptions, they can be compared easily with what we know in the commutative case. For the static case, withρ, E, and φ set to zero we get the equations for κ-deformed magnetostatic. They are
In electrostatic limit there are additional terms. The framework employed here to derive the force equation and Maxwell's equations, allow us to replace the (quantum) commutators with corresponding Poisson brackets to get the classical result [24, 22, 23] . Thus by substituting commutator with Poisson bracket, that is 1 i [, ] → {, } and all the operators go to c-number functions. Now the parameter τ becomes proper time of a particle.
In this classical limit we calculate the corrections to the classical Coulomb force between two test particles of charge e at rest separated at a distance r in the κ-deformed non-commutative space time. Since, we consider non relativistic case, we get 
Thus we see that the Coulomb law does not change the form. The effect of non-commutativity can be interpreted as change in the charge of the particle e → e(1 − 2am) 1 2 . This shows that the electrodynamics depends on the mass of the particle as well as its charge. Same feature was shown in [21] also.
Next, we consider the case of a particle of mass m and charge e, moving in a constant external electric field E, with a velocity v. From Eqn.(62), we find
With further choice E = (E, 0, 0), we get
These can be solved to geṫ
It is easy to see thatẑ(τ ) also obeys the same equation asŷ(τ ), showing the a dependent modification ofŷ(τ ) andẑ(τ ) as deviations from classical trajectories. This pure noncomutative effect may also put some bounds on the parameter a.
With initial conditions,ẏ(0) =ż(0) = 0, we get a dependent modified equation
Eqn. (67) shows that the a dependent modification to force equation also depends on the mass of the particle apart from its charge. We also note that, to the first order in the deformation parameter, there is no corrections to the Newtons law of gravity. This can be seen by settingẋ i , G 0 = 0 and G i = −G m 2 r 2 in Eqn. (34). This is different from what was shown in [19] . In [19] , using the Hamiltonian framework, modification to Newton's second law due to κ-deformation was derived. The (non-relativistic) Hamiltonian for a free particle was obtained by taking the appropriate limit of the energy-momentum relation valid in κ-space-time. Here, up to first order in the deformation parameter a, the effect of deformation was to modify the mass m → m (1 + am) . Though the 1 r potential was also modified (up to first order in a), this term did not contribute to the force equation. Here also we do see the same feature.
Also, the fact that the force equation was obtained in [19] using the Hamiltonian framework different from what we get here raises the question whether the equations (of motion) obtained here are derivable from a Hamiltonian or a Lagrangian. In the commutative case, the condition for existence of Lagrangian/ Hamiltonian from which equations of motion can be derived had been studied [30, 31] .This problem, in the Moyal space was investigated in [32] . We plan to study this in the case of κ space-time.
In the Feynman's approach, due to the non-vanishing commutators between the coordinates and velocities, the rotation symmetry is broken and it was shown that by including magnetic angular momentum, this symmetry can be restored [26] . Inclusion of magnetic monopoles in the Feynman's approach was also considered. We plan to address these issues separately. Generalizing the method adopted here for general relativistic case, where the metric will depend on the space-time coordinate is of immense interest. This work is in progress and will be reported elsewhere.
